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SOME APPLICATIONS OF A PROGRAMMING LANGUAGE

I. SUMMARY

APL is a programming language specifically designed for applied mathe-
matics. It differs from other programming languages which are commonly used
in that it is more concise, precise, and economical of symbols. In this paper
is shown the APL language for some commonly used transcendental functions.
Several improvements of APL are required for such things as program struc-
turing, access to data, presentation of data, i.e., input/output operations and
data operations. However, it is felt that this paper gives some indication of the
usefulness of APL if one approaches it openmindedly.

A Programming Language, APL is used for certain applications such as:
1. Trigonometric functions and Solution of Kepler's Equation

2, Harmonic Analysis

3. Matrix Operations

The areas of application are chosen primarily for their intrinsic interest
to the Mission Trajectory Determination Branch and to indicate the usefulness
of the language for Mission Trajectory Determination applications.

II. TRIGONOMETRIC FUNCTIONS

The APL language for computing the Arc cosine, Arc sine, Arc tangent
(principal values), Arc tangent (quadrant oriented) Sine and Cosine are presented
in Part A. The algorithm for all these computations except for the Arc tangent
(principal values) are from reference 2. The algorithm for the Arc tangent
(principal values) is presented in the Appendix. Part B is a program which
computes the sine and cosine of several groups of data which are typical of some
data used in the Mission Trajectory Determination Branch. The program along
with the flow chart and the output of the program is presented.




PART A

Arc Cosine, Arc Sine

Arc tangent (principal values)
Arc tangent (quadrant oriented)
Sine, Cosine

Solution of Kepler's Equation
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-Q =R Arcsincos A, 1

Input: R, two element vector, if first element = 1 compute arcsin, if
first element = 0 compute arcos; if second element = 1 answer
in degrees, if second element = 0 answer in radians

A, given sine or cosine

Output: Q, computed angle in degrees or radians

YES YES
SIGN =1
NO

NO

YES 0 X ==X

NO

SIGN = =SIGN

INCORRECT
FUNCTION
CODE

COMPUTE F(X) *

\

Q=SIGN (7 -v1-X
(FO)
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SIGN =1

YES

NO
X=-X
SIGN = - SIGN

COMPUTE F(X)

Y

Ql = (%’-J] - X F(X))
x SIGN

COMPUTE F(X)

Y

Q! = (3 -VT - X F(X)
x SIGN
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YES N RADIANS _
> TO DEGREES RETURN

YES

1 RETURN

INCORRECT
UNITS
CODE
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B «—ATAN A
Input: A - tangent of unknown angle

Output: B - value of angle in radians

YES

NO

GET NEAREST STORED
ANGLE WHOSE ARGUMENT
IS SMALLER IN MAGNITUDE

THAN PRESENT ANGLE

V4

GET ARGUMENT OF
ANGLE SUBTENDED
BETWEEN TABLE ANGLE
AND PRESENT ANGLE

IS
GENERATED ANGLE
SMALLER THAN ANY
TABLE VALUE?

PUT GENERATED
VALUE [N
POLYNOMIAL SERIES

\

B=ATAN A=
SUM OF TABLE
AND POLYNOMIAL
VALUES




A
O«
8«
T+r->P
O«
0-+>4
O«
g-+4
0/(0<V )+
o/ +-+4
(CCCCCTLIxY=-[91d)xH-[S 1) xH-[h1d)xA-0€1d)xA-[TJd)x¥-[T]1d)=xI~>[r]D
T+L+F
IxI+X
0/ (0>H )«
6«
TP+
I-+H
(rla-{rlo
((OxH)+T):(0-H)»I
9T/ (O>H)+
[rla~»o
gz/([rla>H)+
VI->H
>
hZ/(0=V)<«
09dL+D
60606060°0 T°0 - TTTTTITIT 0 hHTLS8CHT O -* Z°0 €EEEEEEE 0 -‘T+4
0 2S9899660°0 998L6hHhT°0 SSOGLTZE 0 T9Lh9E9H 0 6TBO0ELTI°0 9TBBHESBL O ¥
0 1°0 SZ°0 €EECEEEL°0 G°0 GZL°0 T (¢
DETEOYHEL I FSAY NVIV>d A
AfOINVIVA

[82]
(el
[92]
[sz]
(w21l
L(ez]
{zz]
[re]
(oz]
[6T]
[87]
(Lt
[91]
[st]
[(x1]
(etl
[ztl
|

[ort]

(6]
[8]
A
[9]
[s]
[h]
(el
[z]
[(t]




C «— A Qtan B, 3

Computes angle C (quadrant oriented) given A = sin C and B = cos C

D=1Al-1B]|

E = 3.1415926

C =1.5707963

C =3.1415926

| C=4.712389
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F = ATAN (B + A)

i

NO, <
0? 0 F = ATAN (A + B) > C=F+E

C =.78539816 + E

C=1.5707963 - F

RETURN

£ = 3.1415926

F= ATAN (8 + A)

C=E - .78539%816

A

C=-1.5707963 - F

l

RETURN RETURN
20of 3
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®)

A

E = 6.2831853

No,>/
D_

®

A

N

oS

/

C=E -.78539816

1

RETURN

11
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[1]

(2]

[3]

[u4]

[5]

(6]

[7]

[8]

9]

{101
(111
(121
[131]
(1]
[15]
[16]
(171
(18]
[19]
(20]
[21]
{221
[23]
[24]
[25]
[26]
[27]
[28]
[29]
{301
[311]
[32]
[33]
[3u]
[35]
{36]
{371
[38]
{39]
(u01]
(413
[u2]
[43]
Cun]

vQTANLO]V

C+A QTAN B
D«(14)-(C|B)
+(B=0)/17
+(B<0)/25
+(A=0)/21
+(4<0)/35

F+«0

+(D=0)/12
+(D<0)/14
F«ATAN(B:A)
C+«1.5707963-F
-0
C«0.78539816+F
+0
F<«ATAN(A:B)
C<«F+FE

-0

+>(A=0)/21
+>(A4<0)/23
C«1.5707963
-+0

C+0

-+0

C<«4,712389

-0

+(A=0)/41
+(A<0)/u43
E«3.1415926
+(D=0)/33
+(D<0)/14
F«ATAN(B=%A)
C« 1.5707963-F
+0
C«F-0,78539816
-+0
E<«6.2831853
+(D=0)/39
+(D<0) /14

-+30
C+«F-0,48539816
-+0
£«3.1415926
+0
E<+3.,1415926
+7

12




0T« [€€])
¥-89Z€96L0LS°T+¥ ([Z€]
66TSZ6ZESHLIO OxV+Y [T€E]
o+ f[o0€]
WHA0d STINA IJQHHYOONI, ([62])
ze/(o=f2l4)« ([8C]
1e/(1=(23¥)« ([L2]
81« {92Z]
ANDIS-+3NDIS [SC)
Id-Vy+vy ([hZ]
o« [€2]
(CC((ZT*(LHhBTEQBLOLS" T
sVH))x(BTH8HTST000°0)+(LSSOLELIN00 0 _))Ix(T*(LnBTEI6LOLS T+VY))+666666L26L96896L0°0)x(Z*(LH8TEIBLOLS" T
$VY))+(90TTLEOBSHI 0 _))x(Z*(LhBTEI6LOLG T+VH))+LhBTEI6LOLS T )xINDISx(LhBTEIBLOLS T2VY)>2Z2 (2Z]
©Z/(89TEIBLOLS T_>VY)« [12]
Id-+I1d [0Z]
hT/(B9ZEIBLOLS "T<VH)« [6T]
9€6926SThTe+Id [8T]
T+ANDIS (L]
(4-V)I*NDIS+VY [91]
2.1€681€82°9x(N])>4 [ST]
TLTIESBTEBT*9+V>N [hT)
y-+¥ [€T]
NDIS-+N9IS [Z1]
H1/(0<)« [T1]
T+49Is [o01]
66TSCT6ZESHLTO " OxY+V [6]
: : 0+« - (81
3000 SLINN TIFAHHOONI [el
ot/(o=[Z14)« 9]
6/(1=LZ]U)* (sl
- 0« ih]
43000 NOIZIONNd ZOHHYOONI . [el
Lz/(o={1]d)« fz]
S/(T=[1]4)+ (tl
V SOONIS H+Z &
A[01S0oNISA

13




R Sincos A, 4
R =2 element vector, A = angle, a, 0<a<27

1st element = 1 compute sine, 1st element = 0 compute cosine, 2nd
element = 1, o in degrees, 2nd element = 0, o in radians

CHANGE
TO RADIANS

INCORRECT
UNITS
CODE

INCORRECT
FUNCTION
CODE

INCORRECT
UNITS
CODE

CHANGE . =T {10 )
TO RADIANS > a=3-¢ 10
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SIGN =1

NO

SIGN = -SIGN

Y

R = (INTEGRAL
PORTION OF N)
X 2w

v
RA=SIGN x (A -R)

> Pl =3. 1415926

NO

YES

Pl = -PI

YES
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RA=RA-7

\i

SIGNE = -SIGNE

Y

(9

COMPUTE
SINE OR COSINE
OFa
BY HASTING'S

RETURN
AN

16
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Solution of Kepler's Equation, 5

CECCEHTRICANOLL]V

VY FE<EC FECCENTEICAFOIT ™M =~ U T T e e
[1] E<i+FCx(1 0 SINCOS M)
[21 DE«(H+(-FY+ECxTL 0 SINCCS FY)+{1+(=FC)YX(0 O SINTCS EY)
[3] E~E+DFE
L[4 NM<F-FCx(1 0 SIRCOL E)
[5] >( (| (/i-NM))>5879) /2
(61 0 - ST

Input is EC = eccentricity
M = Mean anomaly

Output is E = Eccentric anomaly

VIRUFEANOMULI]V

V F«FEC TRUFANOM F
AOR<1+(1+(-EC)x(0 C STNCOS F))
S«(AOR*x(1-FEC*2)%0.,5)x(1 0 SINCOS E)
C<AORX((C 0 SINCOS FY+(=FC))
F«S5 QTAN C '
-+0

fomn W e W e W s W
G E N
e led L e L

Input is EC = eccentricity
E = Eccentric anomaly

Output is F = True anomaly
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PART B

A program to compute the sine and cosine of some angles using APL

18




A+———B NTRIGROUT A

Input: B is a vector whose first two components are the satellite's
International Number, third component is the number of bulletins, fourth com-
ponent is number of angles, and component 5 thru n are bulletin
numbers.

A is a matrix of angles.

Output: Z is a matrix, whose first column is bulletin numbers, second
column is angle Ai, third and fourth columns are sin Ai and cos Ai respectively,
fifth column is Ai+1, and sixth and seventh columns are sin Ai+l and cos Ai+1
respectively.

PRINT OUT
INTERNATIONAL
NUMBER

FORM MATRIX OF
A, SIN A,COS A,
A7 SIN A;COS A]

FIRST
HEADING

FORM Z

1 of 2
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1 2]

FORM MATRIX OF
Aya SIN Ajq COS Ajq

)

THIRD

FORM MATRIX OF HEADING

Ays SIN Ajg COS Ag
A3 SIN A3 COS Aps

FORM Z

SECOND
HEADING

FORM Z

PRINT

@_,_.m

2 of 2
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B NTRIGROUT 4
1964 301

BLTN A2 SINA2 052 A1 SINAL cosA1

42 134,5812 0.7122564009 T0.7019193857 53,6172 €.8050719021 6.5931772382
uy 102,9265 0.9746578397 T0.223700932 21,7911 0.3712236086 0.9285435067
45 91.8914 0.9994551786  ~0,03300516222 9.8366 0.1708389341 0.9852989715
46 73,6024 0.9593258074 0.2823012747 “8.2938 T0.144259123y 0.9895414081
47 53,4343 0.8031742588 0.5957441678 T28.6469 “0.4794103836 0.8775908438
3] 25,8583 0.4361469769 0.6399875u479 T56.6123 “0.834966017u 0.5503015111
49 0.0755  0.001317723204 0.9999991366 T82,5055 T0.9914573852 0.13043102
50 14,1104 T0.2837910545 0.9638277862 263,0556 T0.992663%447 T0.1209061165
51 T27.4651 T0.4612082363 0.8872919237 291.5981 T0.9297886578 0.3680937231
52 Tu6.58u2 T0.7263851717 0.6872878488 229.388 T0.7591349926 ~0.6509332279
53 762.2016 T0.8845939995 C.4663619427 214,1932 T0.561985219 T0.8271472764
54 “81.0001 "0.,9876886147 0.1564327416 195,3669 T0.2649991129 T0.96u2486631
55 263,9557 T0.99u440775S 70,1052973774 179,5463  0.007918476081 T0.9999686511
56 249,864 T0.93887814u48 “0.3442496798 165,4586 0.2510794908 T0.9679664781
57 229.7032 T0.7627084517 ~0.6u67471867 145,1242 0.5717994201 T0.8203934583
58 217,4389 T0.6079150586 T0,7940020688 132.6771 0.7351855842 ~0.6778658874
59 183,4432  T0,06005901175 T0.9361348236 29,0378 £.9875849216 T0.1570860433
61 146.6025 0.5504443176 ~0,8348718803 60,6895 0.8719795736 0.489542263S
62 135.8983 0.6959341056 T0.7181056505 49,8371 0.764213813 0.6449629851
62 127,7754 0.7904180907 T0.6125677477 41,5232 0.6629232615 0.7486873538
64 122.5641 0.8427898097 “0.5382428263 36.6103 0.5983691916 0,8027102782
BLTN AlS SINALS c0sA1S 413 SINA13 c0SA13
42 271.,1624 T0.9997942113% 0.02028631552 107.2344 0.9551006558 T0.2962815414
ui 205,853 T0.4360637343 T0.8999157887 43,5822 0.6893945353 0.7243860707
45 183,7828  T0,06597436079 T0.9978213138 19,6732 0.336654853 0.9416281236
46 147.20u8 0,5416377%uu T0.84061193813 “16.5876 ~0.28548098615 0.9583B43879
w7 106.8686 0.9569727619 T0.290177786 T57.,2938 T0.8414523161 0.5403313827
ug 51,7166 0.7849559019 0.619551641 T113,2246 T0.918966113 T0.3543365086
49 0.151 0.00263544412 0.9999965316 “165.011 ~0.2586335973 T0.965975505%
50 "28,2208 T0.4728706768 0.881131845 526.1112 0.2400382962 T0.970763426
51 T54,9302 T0.81B4526815 0.5745739391 583,1962 T0.6844987525 T0.729014034y
52 T93,1684 T0,9984713347 T0.05527083245 458,776 0.9882923796 T0.1525718651
53 T124,4032 “0.8250819418 T0.5650130906 428,3864 0.9296890811 0.3683452417
54 T162,002 T0.3089837982 T0.9510673092 390.7238 0.5110500707 0.8595509411
55 527,911% 0.2094240223 T0.9778249275 359.0926  T0,01583645565 0.9998745961
56 499,728 0.646417003% T0.7629843129 330.9172 T0.48607306 0.8739181798
57 459,45064 0.9865539151 T0.1634361529 290.2484 ~0.9382010068 0.3460908605
58 434.8778 0.9653716267 0.2608785756 265,3542 ~0.9967144u76  0.08099568466
59 366,8664 0.11990118 0.9927858281 198.0756 T0.3102716167 T0.950647957
61 293,205 T0.9191009617 0.3940221214 121,379 0.853741699 T0.5206967592
62 271,7966 T0.9995084202 0.03135144709 99,6742 0.9857792411 T0.1680455056
63 255.5508 T0.9683692601 T0,249521521 83,0464 0.9926445179 0.1210655C73
6u 245,1282 - T0.9072511336 T0,420589335 73.2206 0.9574233505 0.28B6875875
BLTN Ay SINALY COSA1Y A16 SINA1E coSsA16

42 190.1984 T0.1770572568 70.9842005555 T7.8731 T0.1369794933 0.9905738828
uy 124,7176 0.8219691307 T0.5695320461 T73.0116 T0.9563639364 0.2921790889
us 101,728 0.9791235977 T0.2032658104 Toy. 1624 ~0,9373623199 70.07258369999
46 65,3086 0.9085708912 0.4177307076 229,101 T0.7558648963 T0.6547276249
57 24,7874 0.8192524457 0.9078697016 188.9498 T0.1555690371 T0,9878250233
48 730,754 T0.5113530878 0.8593707137 134.1872 0.7170663392 T0.6370049281
49 T82.43 70.9912846526 0.1317373731 82,732 0.9919652525 0.1265106106
50 248,9452 T¢.9332272472 T0.2353260702¢ 54,6132 0.8152612294 0.5790933699
s1 222,133 T0.670853858 70.7415895803 331,9934 T0.4695732727 0.8828935083
52 183.2038 T0,05588772337 T0.2984370552 79,5406 T0.16574BU504 0,9861684024
53 151.9916 0.4696010094 70,8828787558 40,798 T0.6533941829 0.7570178637
54 114.3668 6.9109228839 T0,4125766694 “78.3672 T0.9794593829 0.201638664u
55 83.502 0.993575804 0,1131685316 252,3208 T0.952771798 70.3036871997
56 55.3226 0.8223685247 ©.568955194 224,1338 T0.6963313049 T0.7177205017
57 14,8274 0.2559080845 0.9667011255 183,9854  T0,06950227u15 0.9975817884
58 350,116 T0.1716539996 6.9851573017 159,6396 0.3479241642 T0.937522687
59 282,481 T0.9763677329 0.2161158509 91,2918 0.9997458452  T0,02254425317
61 207.292 T0.4585254803 70.8886812645 13,118 0.3275147498 0.9448460734
62 185.7354 T0.099934522u8 T6.9949940121 Tz.1422 T0.03737973299 0,9993011304
63 169,2986 0.1856906257 T0,982608263 T18,197 “0.3122851799 0.9499884107
Bl 159,1744 0.3555246141 T0,9346669252 ~28.918 T0.4835573996 0.8753126562

22




I0. HARMONIC ANALYSIS

The algorithm used here is presented in reference 3. The number of
ordinates, i.e., the number of divisions in the interval, can be either 12 or 24.

23




Harmonic Analysis - Comp Harm Y

Input: Comp = 12 or 24 designating number of ordinates
Y =12 or 24 component vector

INCORRECT
ORDINATE
INPUT

COMPUTE
CONSTANTS
Ay, o, Ay

K CALCULATED

Y[1] =£Ai? No ¢/3-9\ A's
= N\ INCORRECT
YES
COMPUTE
CONSTANTS
By, « ..., Bs
A J
A=A,B
NO \ CALCULATED
V[2]=F(@'s)? :@ > B's
INCORRECT

1 of 2
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O

COMPUTE
CONSTANTS
Alr o o oy Al3

13
Y[ =z A2 DNO

i=1

COMPUTE
CONSTANTS
By, « . ., By

<b
-t

Y

VI2]= %NO ~( 41

25
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1]
€23
[3]
[E5]
Cs]

€71
(8]
[&:3]
[10]
213
[12]
[13]
C1s]
L1s]
f16]
(17]
18]
193]
[20]
21}
[22)
[23]
{24]
(28]
{26]
{27]
L28]
(29]
{301
[31]
[321
{33]
[3u)]
{3s]
(38}
(371
{38]
{39l
(s0]
fu1]
(u2)
[43]
[uu]
[u4s5]
[u6]
[s71
[u8]
tug]
[(50]
(511
(52]
53]
541
{s55]
{s6]
[57)
[58]
{s9]
[60)
[61]
[62]
63]
(64)
{65
[66]
[67]
[68]
(691
£70]
{711
[72]
[£73]
78]
[75]
176])
€771
(78]
[79]
{80]
fe1]
{82]
(83]
fgn]
85]
[B6]
(87]
{838]
£89]
£9o]
[91]
(221
{93]
[9u]
L9s]
[96]
[971

<

(98]
v

a

VHARMLG1V

A+COMP HARM Y

+(COMP=12)/5

+(COMP=2u) /43

*INCORRECT ORDINATE INPUT'

+0

A+7p0

B+5p0

J«¥[1 2 3 4 5 6]

K+¥(7 12 11 10 9 8]

Ued+K

Ved-K

c+Ul1 2 3)

D+ULY4 6 5)

R+C+D

§+C-D

E«V[2 3]

Fev[6 5]

P+E+F

Q+E-F

L«Rr{21+R(3]

M+R[2]-R(3)

G+QL1]+Ql2]

HeQU11-Q[2]

Al1]+(1412)x(R(11+L)
AL21+(226)x(VI1)+(0.5%(3#0,5)x5[2))+(0.5xS[23}))
AL33+(146)x(S[13+0.5x¥M)

Alu)+(146)x(V[1]-5(3])

AC51+(146)x(R[11-0.5xL)

AT6]+(146)x(V{1])+4( 0.5x(3+0,5)x5(2])+0,5x503])
AL7]+(1412)x(ST1]-4)

+((1(X[13-(+/4)))>5E76)/39
BL1)+(1#6)x(V[u)¢(0.5xP[11)+(0.5x(3+0,5)xP[2]))
B(2]+(1412)x(3%0,5)xG

BL31+«(146)=(PL1]-V[4])

BLud+(1412)%(320,5)xH
BU5J+(146)x(V[u1+(0.5%xPL11)+(70.5x(3»0.5)xP[2]1))

A+A,B

S(C1(VE21-(BL1)+B{5)+(2xBL3])+(3+0.5)x(B[2])+8[61))))/u1

+0

'CALCULATED A S INCORRECT'

+0

*CALCULATED B S INCORRECT'

+0

A+13p0

B+11p0

Je¥(1 2 3 % 56 78 9 10 11 12]

K+¥[13 24 23 22 21 20 19 18 17 16 15 14]

U+J+K

VeJ-K

C1+Ul1 2 3 4 5 6]

Di1+U[7 12 11 10 9 8]

R+C14D1

5+C1-01

E1+V[2 3 4 5 6]

F1+V{12 11 10 9 8]

P+F1+F1

Q+E1-F1

R1+R(1 2 3]

R2+R(4 6 5]

L+R1+R2

M+R1-R2

Q1+Ql1 2]

Q2+QL5 4]

G+Q1+Q2

HvQ1-Q2

E«LE2)+¢L[3)

F+L[2]-LL3]

C+H[11+H(2]

D+H{1)-H(2]

CO+ 0 1 SINCOS 15

S§I+ 1 1 SINCOS 15

AL2]«(1+29)x(LE1}¢F)
AC2)«(1412)x(VL114(COxS[2])4((3#0.5)%x0.5xS[3))+((14220.5)xS5[4))+{0,5x5(51)+(5Ix5(61))
AT33+(1+12)x(S[1)+(0.5x(3%0.5)=M(21)+(0.5%M[31))
A[ud+(1+212)%x(v01)+((14240.5)x(ST21+(-ST81)+(-5(61)))+(-S[51))
ALS]+(1312)x(M[1]+0.5x%F)
ALB1+(1812)x(V[1]+(SIx5021)+(70,5%(3#0,5)%xS[3])+(-(14290.5)xS[41)+(0.5xS[51)+(COxS[61))
AC7]«(1£12)x(S{1)-M[3])

ALBT+(1+12)x(V{1]+(-5STx5021)+( 0. 5x(320.5)x5(31)+((14220,5)=x5[141)+(0,5x5(51)+(-COx5[61))
AU91+(1412)x(L[1]1-(0.5xF))
AL10]+(1#12)x(V[1)+(-(18220,5)x(S[2]14(-ST41)¢(-S(61)))+(-5(5]))
AC110(1412)%x(5013+(70,5x(3%0.5)xM[2])+(0.5xM[3]1))
A0123+(1#12)x(VL1]+(-COx5023)+(0.5%(3#0.5)xS[3])4(-(142+0.5)=xS[41)+(0.5xS[(51)+(-5Ix5[6]1))
A(13]«(1426)x(M{11+(-F)}

~((1(¥[11-Ce/A)))>5E7 6}/
BL1)«(1312)%((SIxPL11)+(0.5%P[2))+((142#0.5)xP{3])+(0,5x(3#0,5)xP[4])+(CO=P[51)+V(7])
BL2)«(1#12)x((0.5xG013)+(0.5x(3#0.5)xG[2])+Q(3])
BL3}«(1412)x(P[23+(~VL71)+((142900,5)x(P[1]+P[23]4(-P[51))))
Blu)e(1224)x(320,5)xC
BLST1e(1412)%x((CO%PL1134¢0.5xP(2])4(-(1¢220.5)xP[31)4(70.5%(340,5)xPEu])+(SI*PISI)+V[1]}
BL6]+(1+12)x(CL11+4(-Q(3]))
BL7)+(1412)%((COxPL11)+(70.5%xPL2]))+(~(142%0,5)xP[3])+(0,5%(3+0,5)xPLu])+(SIxPL51)+(-VI7]))
BUB)«{1+2u)x{3%0,5)xD
B{91+(1412)x(V{7]+(-P[2])+((142%0.5)x(PL1]1+P[3]+(-PL5]))))
BL10]+(1412)%((0,5%GL1])+{70,5%(3»0.5)x6[2])+Q[3])
BL11)+(1+12)x((SI*xPCII)+( 0.5xP{2])4((142¢0,5)xPL3T)e("0.5%x(320,5)xPL4])+(COxPL5])+(-V[7]))
A+A B

+((1(V[2] -(((2xSI)x(BL11+B111))+(BL21+B(101)+((2#0.5)x{BL31+RI81))+({320.5)=(El4I+BL8]))+((2xCO)=(BL
51+B[71))+{2xB(6]))))>5E76) /41

-0
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IV. MATRIX OPERATIONS

At the time of this writing the matrix operations for APL had not been
implemented. These programs, 1. INV (Matrix Inverse) and 2. TRANS (Matrix
Transpose), show applications with existing operations. The Matrix Inverse

should be especially noted for its conciseness when compared with other
languages.

27



RB «— Inv RA
Input: RA, square matrix

Output: RB, inverse of RA found by calculations in place

IS

RA A SQUARE

MATRIX
?

INCORRECT
MATRIX
DIMENSIONS

DOES

DIAGONAL TERM

EQUAL O
?

NO
INVERSE

NO

FORM A COLUMN
OF IDENTITY MATRIX

1S

IDENTITY MATRIX

COMPLETE
?

REORGANIZE
INVERSE

28




YIvviQlv

V RB<«INV RA;RK3;RS;RP;RI
(1] +((2=ppRAYA=/pRA) o4
(2] '*INCORRECT MATRIX DIMENSIONS'
£3l +0
[u] REK<| /pRA
(sl RS<RK
(6] RP«\RK
[7] RA<RA[; (1RS),1]
[8] RA[L ;1+RS1«RSal
{91 RI«({RALRK;1I) 1T/ VRAT\RK ;1]
[10] RP[1,RIJ«RPLRI,1]
[11] RA[1,RI;\RSI«RALRI,1;1RS]
[12] »>((S5E710)>|RA[131]1)p21
[13] RA[1;1«RA[1;]1:RA[1;1]
[i4] RA«RA-((~RSal)xRA[;11)e.xRA[1;]
[15] RA<RAL1+RS|1RS;(1+1RS),1]
[16]1 RP«RP[1+RS|1RS5]
[17]) REK<«RK-1
[18] —+(RK>0)p8
f191 EB<«RAL3;RP1\RS]

201 -0
[211 '00 INVERSE'
[22]1 =0

v
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Z «——— Trans A
Input: A, any dimensioned matrix

Output: Z, transpose of A

[Zii]= [Aii]
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(1]
(2]
£31]
L4l
(s3]

1
1
2

3
9
5

QU E W

VITRANS[(]V
L+<TRANS A;I.d
I<pa

Z«I(2 1]p0

J+1

2[J; J«AL ;7]
+>(I[2]2d«J+1) /4

A<«5 6p130
A

2 3 4 5
8 9 10 11
is 15 186 17
20 21 22 23
26 27 28 29

TRANS A

7 13 19 25
8 14 20 26
g9 15 21 27
10 16 22 28
11 17 23 29
12 18 24 30

31
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V. APPENDIX

On A Method of Computing Tan"! x for Double Precision

The evaluation of Arctangent x, in this method, is accomplished by a com-
bination of '"table look-up' and evaluation of a polynomial series. This elimi~-
nates the need for a subroutine for x < 1 and another for x > 1. The subroutine
has stored a table of arguments and their corresponding angles (see table 1).
The "table look-up' part consists of obtaining the nearest stored angle whose
argument, x is smaller in magnitude than the given argument. The subroutine
then evaluates the argument of the angle subtended between the nearest table
angle and the desired angle. The resulting argument is sent through a 'table
look-up' until the generated argument becomes smaller than the smallest non-
zero argument in the table. The final generated argument is then inserted in
the polyncmial series. The value of the arc tangent is the sum of the values
obtained by the "table look-up" process and by the polynomial series.

Example

Compute 6 = Arctan x given tan 9, x = 1.7320508
1. The closest value to x in the stored table (see table 1) is
x =1.,000 giving a g, =.7853 . . . radians.

tana - tan 8
l+tana-tangf

2. Now from the relationship tan (a~g) =

1,732058 -1
one has tan (9-6,) = 1+ 1.7320508 .26794919

S0 X, =.267949 . . .

3. Repeat step 1 using x, to find 6, = .24497 . . .

4. Repeat step 2 to findx, =.01684 . . .
Now x, is smaller than any non-zero table entry so x, is inserted in
the polynomial series to yield .01682 . . . = 63.

5. @ thenisequalto 6;+ 602+ 65;=1.04719. ...
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Table 1

Tan 6, x 6%, Arc tan x

1 .78539816 . . .
.725 . 62730819227 . . .
.5 .463647609 . . .
1/3 .321750554397 . . .
.25 .244978663 . . .
.1 .099668652491 ., . .
0 0

*Note that 16 figures will be required to obtain the desired accuracy.

Polynomial Series

x(co~x2 (¢ %2 (c,—x2 (c3-%x? (c4~%X2 (C5-C6X%2))}))))
with

1 1 _ . 1
» Cq —5’ Cs -T11e 06—+I§

~3{=

1 1 _
co =1, Cl='§’ 02“59 C3 =~

The polynomial is "nested' to avoid the effects of multiplying by a power
of x greater than 2 in any one operation.

This method has been found to be accurate in a subroutine using up to 20

significant figures in increments of 4 significant figures and for a range of
~ 25.2 radians, i.e., the approximate equivalent of 4 complete cycles.
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